On the basis of the standard model of local public production, we delineate the factors that account for the "U-shaped" per capita local public expenditures and relate them to construct an efficiency indicator for local populations. We articulate that population-induced changes in the per capita cost are related to the relative magnitude between the (i) technical elasticity of scale, which characterizes technology for the direct outputs produced by a government, and (ii) congestion elasticity, which characterizes consumption technology for the public services consumed by citizens. Those two elasticities allow us to construct an indicator that quantifies the distance of a local population from its minimum efficient scale (MES) for local public expenditures. We then estimate the urban public production structure in Japan and apply the analysis to the Japanese case. With the estimates obtained, we rank the Japanese cities according to the calculated values of the indicator.
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Introduction
In standard economics terminology, "minimum efficient scale" (or "MES") refers to the scale where the average cost of production is minimized. Since Hirsh (1959) raised the issue of possible economies of scale by estimating the "U-shaped" per capita local public expenditures, the measurement of the MES of a population, as well as returns to scale in local public production, has become one of the popular topics in the literature.
Despite a number of studies that have examined returns to scale in the production of local public services, however, less consideration has been given to relating the factors that affect the returns to scale to the construction of an indicator for the efficient scales of local public production. In this paper, we articulate the factors that account for the "U-shaped" per capita local public expenditures and apply the analysis to construct an indicator that quantifies a deviation from the MES of a local population for public expenditures. Our theoretical model borrows from the standard model (e.g., Bradford et al. 1969 , Brueckner 1981 , Duncombe and Yinger 1993 , which distinguishes between the direct outputs produced by a government and the level of the public services actually consumed by citizens. In our analysis, two important concepts are the (i) technical elasticity of scale, which characterizes production technology for the direct output, and (ii) congestion elasticity, which characterizes consumption technology for the public services. By articulating that population-induced changes in per capita cost are related to the relative magnitude between the two elasticities, we derive an indicator for efficiency that quantifies the distance of a local population from its MES, an indicator that is just a simple ratio of the congestion elasticity and the technical scale elasticity.
We then apply the analysis to obtain the efficient scale indicators for the Japanese cities, which are subsequently ranked according to the results.
The Model
We employ the standard model of local public production (e.g., Bradford et al. 1969 , Brueckner 1981 , Duncombe and Yinger 1993 . This model distinguishes between the direct outputs produced by a government and the public service level consumed by citizens, which implies that the public production-consumption process can be decomposed into two stages.
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The first stage is analogous to the standard theory of the firm. As in private production, a local government produces a direct output g, with a technology:
where x is a vector of factor inputs. The expenditure (or cost) function is thus derived as:
where w a vector of factor input prices. The standard properties apply to functions (1) and (2).
The second stage transforms the direct output g into its service level z, which is of interest to citizen-consumers. Note that this transformation may be influenced by the number of consumers (i.e., population) n and other local characteristics or environmental factors a. This relation, known as the "crowding function" or "congestion function," is expressed as:
where z/g > 0 and z/n < 0. From this, we derive the following "inverse" function with respect to g:
This shows the level of direct production that is necessary to keep the consumed service level z for a given set of population n and local characteristics a. To see the effects of population on the public expenditures, we substitute (4) into (2) to obtain:
Returns to scale are defined in terms of changes in average cost when the level of an "output" varies. As taxonomized in Duncombe and Yinger (1993) , there are three dimensions for returns to scale in local public production: (i) technical returns to scale over g, (ii) returns to population scale over n, and (iii) returns to quality scale over z.
The "U-shaped" per capita expenditure is associated with the second concept and characterized by the partial derivative:
In fact, with a proper rearrangement, we can show that
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This shows that the direction of population-induced changes in per capita cost is related to the relative magnitude between the two elasticities,  n g and  c g .
The first elasticity (7) is a congestion elasticity characterized by the consumption technology (3)-(4). It measures the elasticity of g with respect to n, keeping z and a constant, and shows how much direct product needs to be increased in order to keep the service level as before, when population increases. On the other hand, the very definition that congestion refers to a negative impact of a population increase on the level of public service may imply
which is the elasticity of z with respect to n (in absolute value), keeping g and a constant. However, (7) outperforms (9) in that the former is metric-free while the latter is not (Reiter and Weichenrieder 1999) . Note that as only ordering is required when z is evaluated by citizen-consumers, any variable that is a positive monotone transformation of z can validly replace z. However, (9) is invariant only to multiplicative changes of z.
As such, when we employ (9) rather than (7), the value of the elasticity will arbitrarily differ depending on the monotonic transformation.
The second elasticity (8) is technical elasticity of scale, which is associated with the production technology (1). Increasing technical returns to scale (or technical economies of scale) imply that (c/g)/g < 0. A natural expression for its elasticity will then be given as ). While a typical explanation in the literature relates U-shaped per-capita local expenditures to some returns to scale and congestion, eq. (6) indeed formalizes the fact that the U-shaped curve hinges on the balance between the two measures,  n g and  c g .
Second, our expression helps construct an indicator that quantifies a deviation of a local population from its MES for local public expenditures. By multiplying both sides of eq. (6) by n/(c/n), we obtain an elasticity expression for the population returns to scale:
We may then define an efficiency indicator for a local population as:
We then see from eq. (6) that n * , such that S(n
provided that (i) both  n g and  c g are not constant, (ii)  n g is non-decreasing in n, and
g is non-increasing in n. We also see from eq. (6) that a local population is too large (small) if S(n) > (<) 1. Thus, we may treat S(n) as an indicator that quantifies the deviation of a local population size from its MES.
Notice that the MESs differ across jurisdictions in so far as the local factors that influence the two elasticities also differ. Those factors generally consist of the variables that appear in eq. (5). However, they do not necessarily include all of the variables, which depend on the specifications of the production technology (1).
Empirical Implementation
In this section, on the basis of the foregoing analysis, we estimate the urban public production structure in Japan. With the estimates obtained, we calculate the efficient indicators for the cities whose data are used for the estimation and rank them according to the resultant values of the calculated scores.
Specifications
To implement the foregoing analysis, we need to estimate the technical elasticity of scale and congestion elasticity of population. To do so, we have to specify the cost function (2) and the congestion function (3). Let us start with the congestion function. A popular specification for the congestion function is z = n  g (Borcherding and Deacon 1972, Bergstrom and Goodman 1973) . This, in effect, assumes that congestion decreases at the margin, and its elasticities are constant at . However, congestion may or may not accelerate with the intensity of use, and its elasticities should not be constant.
In addition, as discussed in the previous section, factors other than population may influence congestion. We thus specify our congestion function as:
where a j represents environment factors (i.e., is an element of vector a), and  j and  j are parameters to be estimated.
The following points must be noted. First, our specification of the congestion function is a proportional metric:
, it is immediate that the two congestion elasticities (7) and (9) coincide (cf., Reiter and Weichenrieder 1999) .
Second, we can test whether congestion elasticity is increasing or decreasing. Given specification (13), the congestion elasticity is given as  n g =  0 + 2 n lnn +  j a j , which enables us to test whether congestion is increasing or decreasing by examining the sign of  n (e.g., Hayes and Slottje 1987) . Second, we allow the environmental factors to affect the elasticity through  j a j (e.g., Hayes 1986, Duncombe and Yinger 6 1993 
where the s are parameters to be estimated. Note that the price of the capital r could be regarded as uniform across regions within a country in a given period (e.g., Kitchen 1976 , Stevens 1978 
where coefficients A 0 , A g , and A w correspond respectively to  0 +  r lnr +  rr lnrlnr,  g +  gr lnr, and  w +  wr lnr in the original specification.
We next obtain the log for (13) and rearrange the resultant terms to obtain: 
We can test the forms of production technology by imposing coefficient restrictions.
Specifically, we test the Cobb-Douglas form against the translog specification with restriction  ww =  gw =  gg = 0. If the restrictions are valid, the specification will be:
where B 0 =  0 +  r lnr.
Data
We need data for total cost c i , population n i , wages for local public officials w i , public service consumed z i , and a set of environmental factors a. The data we utilize are obtained from a cross section of Japanese cities in 1995. Although there are more than 600 cities in Japan in that year, the availability of the variables used for the estimation reduces the sample size down to 572. The data descriptions and their sources are listed in Table 1 . The details of each variable are explained as follows.
Total cost and population:
We examine the cost for overall public services provided by city governments. The total cost c i is naturally represented by the total expenditures of a city government, listed in the Ministry of Internal Affairs and Communication (MIC) (1997) . Our data for population n i are drawn from the Statistics Bureau, Management and Coordination Agency (1997).
Wages: The price of public labor w i is obtained as average wages, that is, the compensation of public employees divided by the number of public employees (MIC 1997) . This implicitly assumes that the average working hours are identical across the cities under examination, which may be justified given the fact that labor conditions for local public employees seem to be similar across municipalities.
Public service outputs:
Obtaining the data for the consumed level of total public service z i is not straightforward. We use the "total score of public services" provided by Nihon Keizai Shinbunsya (1998). This score quantifies the overall quality level of Japanese local government outputs, by considering the total of 24 public service categories, which include fees for charged public services, per capita capacities of welfare and education facilities, and per capita levels of infrastructures like roads, parks, water supply, and sewage facilities. The data for each category are transformed to standardized values. If the standardized value is less than 20, only 1 point is given; 20-40, 2 points; 40-60, 3 points; 60-80, 4 points; and 80 and over, 5 points. The final score for a jurisdiction is the total of these points scored in the 24 categories. While this score may not be a good measure for the actual quality of the public services, we believe it 8 should give us a reasonable evaluation of local public services. In addition, it is the only available data for public service quality.
Environmental factors:
The environmental factors fall into four groups: physical factors, urban factors, demographic factors, and economic factors. We try to capture the physical environment by considering the total land area in log form (a 1 ), as well as the following shares of sub-areas: "distant-island" area (a 2 ), "heavy-snowfall" area (a 3 ), forested area (a 4 ), and farm lands (a 5 ). The "distant-island" and "heavy-snowfall" areas are subdivisions in a jurisdiction designated as such by national laws, which should be a convenient set of indicators for harsh natural environments. Note that the number of the subdivisions is used to calculate shares a 2 and a 3 . For example, if a city has five subdivisions and one of them is designated as "distant-island," then the share is 1/5. For a 4 and a 5 , on the other hand, we simply use areas to compute shares, that is, percentages of forested area and farm land in the total area of a city. As urban factors, we consider three elements. They are the proportion of population in Densely Inhabited Districts (DID) population (a 6 ), the share of the areas that DIDs cover (a 7 ), and the ratio of daytime population to nighttime population (a 8 ). For demographic factors, we only consider percentages of the young, that is, those aged less than 16 years (a 9 ), and the elderly, that is, those aged above 64 years (a 10 ). Finally, economic factors are controlled by the log of per capita income (a 11 ), and the proportions of workers engaged in the manufacturing (a 12 ) and service sectors (a 13 ).
Additional dummies:
Although not explicitly written in (14a) (April 1995 to March 1996 and do not cover the time of the earthquake, it is 9 plausible that the damages were so serious that local public expenditures in the inflicted areas in the following fiscal year increased owing to the special needs caused by the disaster. We thus include a dummy variable that indicates such inflicted areas. 
Specification tests
Since we use cross section data from a variety of cities, we may legitimately assume that the error term u i follow some pattern of heteroskedasticity. However, as there are several variables to consider in our nonlinearly specified regression functions, determining a specific pattern of the skedastic function is a difficult task. We therefore assume that the pattern of the heteroskedasticity is unknown, and employ econometric methods that allow for unknown patterns of heteroskedasticity in the ensuing analysis.
Before presenting the final estimates, we perform specification tests to choose between (14a) and (14b) to determine the type of production technology (i.e., translog or Cobb-Douglas functions). The null hypothesis is that the technology is a Cobb-Douglas function ( ww =  gw =  gg = 0). If the null hypothesis is not rejected, we opt for (14b).
Otherwise, (14a) is chosen. Our test is based upon the Lagrange multiplier (LM)
principle. To construct relevant LM test statistics, we utilize the Gauss-Newton regression (GNR) that allows for heteroskedasticity, that is, the heteroskedasticityrobust Gauss-Newton regression (HRGNR). 4 The HRGNR shows that the CobbDouglas technology is not rejected at the standard significance levels with a P value of .115. We thus base our discussion on (14b), whose estimates are obtained by the method of non-linear least squares, as discussed in the following section. 
Results
The estimation results for (14b) are listed in Table 2 With  g = .328, the value of the elasticity is  c g = 1/ g = 3.049, which implies that (c/g)/g < 0 by eq. (10). That is, the technical returns to scale are increasing and technical economies of scale exist in the Japanese local public production.
The estimate for  n is positive and statistically significant at the significance levels larger than .011. Given the congestion elasticity  n g =  0 + 2 n lnn i +  j a ji , this positive value implies that congestion accelerates as population increases. Note that since the values for the  0 s and some  j s are negative, the value of  n g can be negative if 2 n lnn i <   0   j a ji , allowing for the possibility of the camaraderie effect. We 11 calculate the congestion elasticities for the 572 cities that constitute the observations in our sample. Table 3 reports the summary statistics of the 572  n g s which, with a minimum of 1.269, show no evidence of the camaraderie effect. 
